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Abstract

An arms race exists when a country’s propensity to acquire arms is influenced by a
potential adversary’s military spending. When evaluating the impact of economic policies
towards the developing world, e.g., foreign assistance programs, it is important to identify if
an arms race exist between dyads of recipient nations. The reason is that if the impact of the
policy is favorable to the country deemed to be “causing” an arms race, then the policy will
not only increase the amount of weapons of the recipient country, but of the other as well.
This will increase the probability of war if it is positively related to the stock of weapons
of these adversaries.

Consequently, this paper investigates the direction ofprima facie casual relationship
between the military expenditures ofpotential adversaries in the developing world by using
parametric causality tests. We conclude that some of these country’s expenditures seem
to reflect anarms race while other proposed dyads seem not to be adversaries, i.e., their
expenditures are independent and therefore seem to be governed by other than an external
threat.
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1. Introduction

The process of economic growth and development requires as a necessary con-
dition that individuals face an economic and political environment conducive to
saving and capital formation. If they are assumed to be risk-averse, a reduction
in economic uncertainty increases social welfare. Yet, research by economists has
tended to understate or ignore the potential effects that political conflict and in
particular, interstate conflict has on the process of economic growth.2 Similarly,
there is a tendency to evaluate the economic performance of many developing
countries independent of the political environment in which they are embedded.
It should be obvious that individuals within countries concerned by the prospect
of war should allocate resources differently than those where peace is expected to
prevail. This may result from increases in the rate of time preference, with future
consumption and saving being reduced, or it may result from investment in assets
where the private return is lower than the social return in times of conflict (see
Seiglie, 1998).

A phenomenon such as an arms race between countries serves not only to di-
vert resources to the military sector and away from capital formation, but also has
potentially serious distortionary effects on the economy. For example, should our
evaluation of economic development in Egypt be independent of whether politi-
cally they are involved in an arms race with Israel? Not only does the acquisition
of arms have economic consequences while the process is ongoing, but the stock
of weapons accumulated can lead to the outbreak of war as inIntriligator and
Brito (1984), and with it the destruction of both human and physical capital which
necessarily impacts on future production and welfare.

This paper explores whether arms races exist between a collection of dyads of
developing nations. This evidence is important for many reasons. First, if an arms
race is underway, foreign aid provided by countries or by international multilateral
institutions will be diverted towards the military sector and away from areas that
have a greater impact on economic growth. This may help explain the differential
rate of economic development occurring in a particular region of the world (e.g.,
the Middle East) as compared to another (e.g., Asia) even though the former has
benefited from substantially more foreign aid and external capital flows. Second,
conditioning the provision of foreign aid on a change in the behavior of the recipi-
ent nation, e.g., compliance with UN weapons inspections, becoming signatory to
an international treaty or reducing the size of the military, necessitates identifying
whether the country is in fact engaging in the purported behavior. Finally, discus-
sions by international bodies such as the United Nations on issues of controlling
weapons proliferation benefits from a better understanding of the process of allo-
cating resources towards the military, which although the natural domain of eco-
nomics, has largely been delegated to political science with notable exceptions (see

2 The relationship between economic growth and defense spending has been empirically explored
by Benoit (1978)andDeger (1986)amongst others.
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e.g.,Boulding, 1962; Brito, 1972; Intriligator, 1967, 1975; Isard, 1988; McGuire,
1965; Polachek, 1980; Polachek, 1992; Sandler & Hartley, 1995; Smith, 1980).

We therefore investigate whether military expenditures are governed by an in-
dependent process and if not, we establish the direction of causality between pairs
of adversaries’ defense spending. More specifically, we explore whether there
existsprima facie Granger-causality (seeGranger, 1969) between the real mili-
tary expenditures of different adversaries in the developing world.Majeski and
Jones (1981)originally analyzed a similar problem by specifying the ARIMA rep-
resentation of a set of military expenditure series, while more recently,Kollias
and Makrydakis (1997)analyzed only the Greek–Turkish dyad using cointe-
gration tests. In this paper, the adversaries investigated using Vector Autore-
gressive (VAR) analysis, are bivariate relationships between: (1) Israel–Arabs,
the latter defined as Egypt, Syria and Jordan, (2) Israel–Egypt, Israel–Syria and
Israel–Jordan, (3) Argentina–Chile, (4) Argentina–Brazil, (5) Brazil–Chile, (6)
Turkey–Greece, (7) Pakistan–India and (8) Iran–Iraq. We also investigate trivari-
ate relationships among: (9) Argentina–Brazil–Chile, (10) Israel–Egypt–Jordan,
(11) Israel–Egypt–Syria, (12) Israel–Jordan–Syria, and quadrivariate relationships
among: (13) Israel–Egypt–Jordan–Syria, (14) Israel–Arabs–Iran–Iraq.

The next section presents the theoretical framework that highlights how for-
eign assistance impacts arms expenditures. This is followed by a discussion of
Granger-causality when the military expenditures of adversaries follow a VAR
process. Since it is likely that the military spending of a country follows anI(1)
non-stationary process, we must also test the military spending of the adversarial
countries for cointegration. The more technical aspects of these issues are ad-
dressed inAppendix Aand inPesaran and Smith (1998). We present and analyze
the empirical results and make some concluding observations in the final section.

2. The arms race process

In order to highlight the policy implications from the potential existence of an
arms race, we use a standard model of the arming process introduced byRichardson
(1960). Brito (1972)shows how these equations can result from utility maximizing
behavior on the part of countries. Let there be two countries A and B where their
stock of military armaments is characterized by the following equations:

dMA

dt
= kMB − �MA + gA , (1)

dMB

dt
= �MA − �MB + gB, (2)

whereMi is the stock of weapons of countryi and the parametersk, �, �, � ≥ 0.
The parametergi is called the “grievance factor” and is positive if the country
increases military spending independent of the adversary’s spending and negative
if it decreases it through time. The termsk and� are the reaction component in
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that they measure the response of countryi’s military spending to countryj’s level
and the parameters� and� are referred to as the “fatigue factors.” These capture
the necessary reduction in the rate of military spending imposed on the economy
from the fact that having already diverted some resources to the military sector,
additional spending on defense becomes relatively more costly.

A steady-state equilibrium requires that(dMA/dt) = (dMB/dt) = 0, which
from Eqs. (1) and (2)imply that:

MA = gA + kMB

�
, (3)

MB = gB + �MA

�
. (4)

SolvingEqs. (3) and (4)we can find the steady-state levels of weapons (spend-
ing) for each country, namely:3

MA = �gA + kgB

�� − k�
, (5)

MB = �gB + �gA

�� − k�
. (6)

The total level of armaments or resources devoted to the military are:

M̄ = MA + MB = (� + �)gA + (� + k)gB

�� − k�
. (7)

Foreign aid or direct military assistance to a country reduces the fatigue terms,
� or �, by providing the recipient country with additional resources that allows
the country to increase the resources devoted to the military sector. Letting foreign
assistance be denoted byIi , then� = �(IA)and� = �(IA) with �′ < 0 and�′ <
0. Suppose that some foreign country or international organization is deciding
whether to grant aid to country A or country B. Assume that country B’s military
spending does not cause country A to arm, i.e.,k = 0; the policymakers in country
A do not respond to an increase in the military spending of country B. Conversely,
assume that country B’s policymakers perceive themselves to be engaged in an
arms race with country A, i.e.,� > 0. Then under these circumstances, the impact
of foreign aid on the arms spending of country A is:

dMA

dIA
= −gA�′

�2
> 0, (8)

while the same amount to country B would have an impact of:

dMB

dIB
= − (�gB + �gA)��′

(��)2
> 0. (9)

3 Stability of the system requires that�� − k� > 0.
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In order to compare these two cases, i.e., to determine if there is a differential
impact of foreign assistance on military spending, we assume that both countries
are identical in all respect except in their perception of whether they are involved in
an arms race. More specifically, all parameters are identical except thatk is equal
to zero, while� is positive. Setting� = �, g = gA = gB and�′ = �′ implies that:

dMA

dIA
= −g�′

�2
, (8′)

dMB

dIB
= − (� + �)g�′

�3
= −g�′

�2
− �g�′

�3
. (9′)

Since(−�g�′/�3) > 0, then(dMB/dIB) > (dMA/dIA), i.e., foreign aid to
country B increases its military expenditure by more than an equal amount of
assistance would increase the expenditure of country A. In other words, if there
are two countries that are perceived as being in an arms race, then identifying which
country is “causing” the arms race is important. If country A does not respond to
country B’s spending, yet country B responds to A’s, then foreign assistance to B
will have a greater impact on increasing its armaments than would an equal amount
of aid to country A. Therefore, it is important for policy purposes to identify the
direction of causality of military spending.

3. A study of the causality of military expenditures

The model presented inSeiglie (1996)allows us to assume that the military
expenditures of countries with potential adversariesMt is a kx1, pth order VAR
process as follows:

Mt = �+A1Mt−1 + · · · + ApMt−p + εt , (10)

where� andεt arekx1 vectors of constant and disturbance terms, respectively.
PartitionM ′

t = (w′
t , x

′
t ), wherewt is akwx1 vector andxt is akxx1 vector such

that kw + kx = k. With the corresponding partition on the coefficient matrices,
Eq. (10)can be written into:

Mt =
[
wt

xt

]
=

[
�w

�x

]
+

[
A11,1 A12,1

A21,1 A22,1

] [
wt−1

xt−1

]
+ · · ·

+
[
A11,p A12,p

A21,p A22,p

] [
wt−p

xt−p

]
+

[
εw,t

εx,t

]
, (11)

where�w andεw,t arekwx1 vectors of constant and disturbance terms, and�x and
εx,t arekxx1 vectors of constant and disturbance terms, respectively. Our interest
is to test whetherwt is Granger-caused byxt , or vice versa.

Since it is likely thatMt is a non-stationaryI(1) process,Eq. (10)is transformed
into an Error Correction (EC) model as follows:

�Mt = � + D1�Mt−1 + · · · + Dp−1�Mt−p+1 + �Mt−p + εt , (12)
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where

Di = −(Ik − A1 − · · · − Ai), (13)

with i = 1, . . . , p − 1, and

� = Ik − A1 − · · · − Ap. (14)

The EC model approach for Granger-causality has two advantages over the
levels VAR approach. First, the EC model approach gives estimators of the system’s
cointegrating vectors and their weights. Second, it takes into account information
on the presence of unit roots in the system.4Assume the rank of matrix�equalsr. If
r equals zero, the systemMt is not cointegrated and�Mt has a stable VAR(p− 1)
representation. Ifr equalsk, Mt is a stable VAR(p) process. If 0< r < k, Mt

is cointegrated withr cointegrating vectors. Since the number of cointegrating
vectors directly affects the test procedure for Granger-causality, it is essential
to determine the number of cointegrating vectors. Following the procedure by
Johansen and Juselius (1990)outlined inAppendix A, the test for whetherwt is
not Granger-caused by (or Granger-causing)xt is equivalent to testingCw� = 0
(or Cx� = 0), whereCw (or Cx) is a (kwkxp)x(k

2p + k) matrix of restriction
on the coefficients that imposesD12,j = �12 = 0 (or D21,j = �21 = 0) for
all i = 1, . . . , p − 1. Once again, with the assumption thatεt is distributed as
normal with mean zero and variance�ε̃ we can compute the maximum likelihood
estimator for�. The hypothesisCw� = 0 (orCx� = 0) can be tested by a Wald
statistic, which is distributed as�2(kwkxp).

The data used in this study are obtained from various issues of theSIPRI
Yearbook (various years). The data are annual military expenditures in constant
1980 dollars and exchange rates for 13 countries from 1948 to 1991, the end of the
Cold War. The countries analyzed are: Argentina, Brazil, Chile, Egypt, Greece,
India, Iran, Iraq, Israel, Jordan, Pakistan, Syria, and Turkey. We also combine the
military expenditures of Egypt, Jordan, and Syria together to form a group called
Arabs. Our interest is the relationships listed inSection 1.

To begin with,Table 1presents the results of three non-stationary tests on the
levels and the first differences of the military expenditures for all 13 countries
and the created group, Arabs. Results show that none of the series reject the null
hypothesis of non-stationaryI(1) process by any of the statistics. When applied to
the first differences of the series, the PhillipsZ� andZt tests show that all the first
differences of military expenditures are stationary, while the ADF statistic shows
the military expenditures for some countries may be anI(2) process. These include
Chile, Greece, India, Israel, Pakistan, Syria and Arabs. Since the evidence from the
Phillips tests are very strong and it is essential for the variables to have the same
order of integration for cointegration test, we assume the military expenditures for
all the countries areI(1) series instead ofI(2).

4 For more details, seeToda and Phillips (1993).
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Table 1
Test for non-stationarity

Country Level First difference

ADF Z� Zt ADF Z� Zt

Argentina −1.755 −12.29 −2.670 −6.085∗ −46.280∗ −7.507∗
Brazil −2.067 −8.607 −2.421 −3.397∗ −62.056∗ −9.755∗
Chile −1.175 −3.606 −1.396 −2.205 −39.282∗ −6.557∗
Egypt −1.997 −4.634 −1.611 −3.162∗ −36.859∗ −5.646∗
Greece −1.308 −6.393 −1.601 −1.041 −45.503∗ −6.910∗
India 1.984 1.177 1.448 −2.008 −39.378∗ −6.122∗
Iran −2.198 −4.372 −1.542 −3.828∗ −22.465∗ −3.722∗
Iraq −1.538 −4.010 −1.486 −4.036∗ −24.472∗ −3.917∗
Israel −2.472 −2.783 −1.338 −1.825 −47.759∗ −6.622∗
Jordan −1.533 −3.518 −1.701 −4.168∗ −43.811∗ −7.120∗
Pakistan 0.727 1.746 2.015 −2.468 −26.457∗ −4.359
Syria −1.036 −1.600 −0.881 −2.553 −43.188∗ −6.526∗
Turkey 0.966 1.278 0.739 −6.309∗ −34.968∗ −5.171∗
Arabs −1.604 −2.716 −1.399 −2.838 −42.182∗ −6.566∗

The 5% critical values for the ADF andZt , for T = 50, are−2.93, respectively, and the 5% critical
values for theZ�, for the same number of observations, is−13.3. We use these critical values even
though the number of observations in this study is 44. The effect of such a difference on the conclusion
should be minimal. The number of augmented terms used for the tests are chosen by minimizing the
Akaike’s Information Criterion (AIC).

∗ Represents significant at the 5% level.

Table 2shows the bivariate relationship between Argentina and Brazil, Ar-
gentina and Chile, Brazil and Chile, Greece and Turkey, India and Pakistan, Iran
and Iraq, Israel and Egypt, Israel and Jordan, Israel and Syria, Israel and Arabs,
Israel and Iran, and Israel and Iraq. The number of lag term (p) in the VAR rep-
resentation is listed in the third column of the table. This value is determined
by minimizing theAkaike’s (1974)Information Criterion (AIC). The fourth and
fifth columns of the table show theJohansen and Juselius (1990)trace statistics
for testingr = 0 andr ≥ 1. Results inTable 2show that only India and Pak-
istan, Israel and Iran, and Israel and Iraq are cointegrated at the 5% level, and
Iran and Iraq and Israel and Egypt are cointegrated at the 10% level. Hence, the
Granger-causality test for these pairs of countries will be based onCw� = 0 (or
Cx� = 0) while the others will be based onCw� = 0 (orCx� = 0), as discussed in
Appendix A.

Columns 5 and 6 inTable 2present the Granger-causality test. Column 5 is
the results of testing whetherwt is not Granger-caused byxt and column 6 is the
results of testing whetherxt is not Granger-caused bywt . Results in this table show
unidirectionalprima facie causality for most of the country pairs. In the Middle
East group, the direction of causality of military spending is from Israel to all the
Arabs including Egypt, Jordan, Syria and as well as Iran, but not vice versa. But
there is sign of mutual causal relationship between Israel and the Arabs as a whole,
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Table 2
Johansen test for cointegration for bivariate relationship

Country Trace test Granger-causality

wt xt p r = 0 r ≥ 1 WaldA WaldB

Argentina Brazil 1 12.8324 4.5931 1.1680 7.2765∗
Argentina Chile 1 12.4944 2.1404 10.4968∗ 0.4499
Brazil Chile 3 13.2930 1.1915 3.1864 10.3567∗
Greece Turkey 4 9.8939 0.3868 9.3962∗∗ 6.6749
India Pakistan 1 19.5195∗ 0.5367 0.1206 22.7324∗
Iran Iraq 4 16.0396∗∗ 2.5693 2.9061 21.0961∗
Israel Egypt 3 16.2252∗∗ 2.3255 3.9157 17.9964∗
Israel Jordan 1 10.7167 1.7540 0.0809 9.5429∗
Israel Syria 1 9.9496 2.2648 1.3714 8.4886∗
Israel Arabs 1 12.2399 1.7517 3.1680∗∗ 4.1298∗
Israel Iran 3 20.7238∗ 2.4394 1.6045 42.4023∗
Israel Iraq 3 21.8924∗ 3.5468 17.5553∗ 15.3932∗

Critical values forr = 0, at 95 and 90% significance levels, are 17.844 and 15.583, respectively.
Critical values forr ≥ 1, at 95 and 90% significance levels, are 8.803 and 6.691, respectively. Thep
is the order of the VAR and is determined by minimizing the Akaike’s Information Criterion (AIC).
WaldA and WaldB are the Granger-causality tests distributed as�2(p). WaldA is testing the hypothesis
thatwt is not Granger-caused byxt and WaldB is testingxt is not Granger-caused bywt .

∗ Represent significant at the 5% levels.
∗∗ Represent significant at the 10% levels.

though the reverse relationship is significant only at the 10% level. There is, how-
ever, strong evidence that there is a mutual causal relationship between Israel and
Iraq. On the other hand, Iran’s spending is Granger-causing Iraq’s, but not vice
versa. For the Asian countries, India’s spending is Granger-causing Pakistan’s, but
not vice versa. For the Latin American group, Chile’s spending is Granger-causing
Argentina’s, which in turn Granger-causes Brazil’s spending. However, if we con-
sider Brazil and Chile as a group, we find that Brazil’s spending is Granger-causing
Chile’s. This means that there is a loop in these bivariate relationships. A better
way to study them will be using a trivariate VAR model, whose results will be dis-
cussed next. For the Southern European group, it was Turkey’s military spending
that Granger-cause Greece’s.

Table 3provides the cointegration test results on the trivariate relationships
among: (1) Argentina–Brazil–Chile, (2) Israel–Egypt–Jordan, (3) Israel–Egypt–
Syria, (4) Israel–Jordan–Syria, and (5) Israel–Iran–Iraq. Results show that country
groups 2, 3 and 5 are cointegrated.Table 4shows the Granger-causality test for
these groups of countries. The first three rows provide results for the Latin Ameri-
can countries using Argentina, Brazil, and Chile as the variablewt and the rests as
the group of variablesxt . Results show Brazil and Chile as a whole Granger-causing
Argentina’s spending, but not vice versa. Also, Argentina and Chile as a whole is
Granger-causing Brazil’s spending, but not vice versa. However, Chile’s spending
is Granger-causing Argentina’s and Brazil’s spending, but not the reverse.
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Table 3
Johansen test for cointegration for trivariate relationship

Country Trace test

wt xt p r = 0 r ≥ 1 R ≥ 2

Argentina Brazil Chile 1 22.0181 10.0719 2.4132
Israel Egypt Jordan 4 41.6969∗ 20.0107∗ 3.4046
Israel Egypt Syria 4 32.3840∗ 5.1682 2.3555
Israel Jordan Syria 1 21.2953 9.7995 2.3713
Israel Iran Iraq 3 73.0965∗ 25.2533∗ 3.2729

Critical values forr = 0, at 95 and 90% significance levels, are 31.256 and 28.436, respectively.
Critical values forr ≥ 1, at 95 and 90% significance levels, are 17.844 and 15.583, respectively. Critical
values forr ≥ 2, for 95 and 90% significance levels, are 8.803 and 6.691, respectively. Thep is the
order of the VAR and is determined by minimizing the Akaike’s Information Criterion (AIC).

∗ Represent significant at the 5% levels.

Rows 4–6 ofTable 4present results from the Middle East group using Israel as
wt and any two of the Arab countries Egypt, Jordan, and Syria asxt . Results show
that Israel’s spending is Granger-causing Egypt and Syria, and Jordan and Syria,
but not vice versa. But there is evidence that there is a mutual causal relationship
between Israel and Egypt and Jordan as a group. The last row ofTable 4uses Israel
aswt and Iran and Iraq as a group. Results show that there is significant mutual
causal relationships between Israel and Iran and Iraq as a group.

Table 5shows the results from a quadrivariate relationship among Israel and
Egypt, Jordan, and Syria as a group and Israel and Arabs, Iran, and Iraq as a
group. Cointegration test results show that there is at least one cointegration vector
in each group. Results for Granger-causality test show that Israel’s spending is
Granger-causing Egypt, Jordan, and Syria as a group but not vice versa. Finally,

Table 4
Granger-causality test for trivariate relationship

Country Granger-causality

wt xt p WaldA WaldB

Argentina Brazil Chile 1 10.2974∗ 1.8557
Brazil Argentina Chile 1 8.2041∗ 0.9851
Chile Argentina Brazil 1 1.3735 10.0110∗
Israel Egypt Jordan 4 24.9105∗ 44.6337∗
Israel Egypt Syria 4 10.4136 50.7411∗
Israel Jordan Syria 1 1.7493 8.5115∗
Israel Iran Iraq 3 21.7034∗ 117.1168∗

wt is the first country in the VAR(p) process described in the text andxt contains two countries
listed in the second and the third columns. WaldA and WaldB are�2(2p) statistics that testwt is not
Granger-caused byxt andxt is not Granger-caused bywt , respectively. Thep is the order of the VAR
and is determined by minimizing the Akaike’s Information Criterion (AIC).

∗ Represent significant at the 5% levels.
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Table 5
Cointegration test and Granger-causality test for quadrivariate relationship

Country Trace test Granger-causality

wt xt p r = 0 r ≥ 1 r ≥ 2 r ≥ 3 WaldA WaldB

Israel Egypt 1 46.9608∗∗ 19.7372 8.2965 2.4432 0.0628 32.1968∗
Jordan
Syria

Israel Arabs 1 76.5179∗ 26.7346 8.2471 2.6664 7.6474∗∗ 22.9382∗
Iran
Iraq

wt is the first country in the VAR(p) process described in the text andxt contains three countries
listed in the second column. Critical values forr = 0, at 95 and 90% significance levels, are 48.419
and 45.248, respectively. Critical values forr ≥ 1, at 95 and 90% significance levels, are 31.256 and
28.436, respectively. WaldA and WaldB are�2(3p) statistics that testwt is not Granger-caused byxt
andxt is not Granger-caused bywt , respectively. Thep is the order of the VAR and is assumed to be
1 due to the limitation of degree of freedom.

∗ Represent significant at the 5% levels.
∗∗ Represent significant at the 10% levels.

there is a mutual causal relationship between Israel’s and the Arabs, as well as Iran
and Iraq’s military spending.

4. Summary

No attempt has been made to explain the underlying structural process gener-
ating the military expenditure series of these adversarial nations. It is quite pos-
sible for example that if we look at international business cycles and economic
growth some country’s economy may be more responsive to changes in global
economic conditions than others. This may be the case in the Israeli and Indian
cases for example. Using the results derived inSeiglie (1992)the process may
operate somewhat as follows. A positive economic shock would be experienced
by these economies first, leading to an increase in demand for military weapons
and therefore expenditures since they have been shown to benormal goods. Their
adversaries react to this higher spending by increasing their expenditures and this is
reinforced later when they experience the benefits of this positive shock and make
further increases. This appears in the military expenditure series as unidirectional
causality from the more responsive economies to the less responsive ones.

A similar process could be operational as a result of grants from foreign donors
which lead to increases in the demand fornormal goods by the recipient nation.
For example, an increase in foreign aid (military or non-military since they are par-
tially fungible) by the US to Israel leads to an increase in aid to Israel’s opponents
by other large donor Arab nations such as Saudi Arabia and the former USSR.
Similarly, transfers to India by the former USSR are met by transfers from the US
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to Pakistan. These two cases would show up in the series as unidirectional causal-
ity. These examples highlight the need for theoretical models which account for
the effects that economic, political and institutional changes have on the military
spending of a nation.
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Appendix A. Define the following variables:

�M = [�M1, . . . , �MT ]; �ft =




1

�Mt

...

�Mt−p−2


 ;

�F = [�f0, . . . , �fT−1]; D = [�,D1, . . . , Dp−1];
M−p = [M1−p, . . . ,MT−p], (A.1)

where�M is akxT matrix of the dependent variables,�F is a (k(p−1)+1)xT ma-
trix of the independent variables,D is akx(k(p−1)+1) matrix of coefficients, and
M−p is akxT matrix of initial observations, respectively. Compute the following
variables:

G = I − �F ′(�F �F ′)−1�F ; R0 = �MG; R1 = M−pG;
Sij = 1

T
RiR

′
j , (A.2)

wherei, j = 0, 1. Let� be the lower triangular matrix with positive diagonal
satisfying�S11�

′ = Ik, and�1 > · · · �k be the eigenvalues of�S10S
−1
00 S01�

′ The
Johansen likelihood trace statistic is defined as:

�LR = −T

k∑
i=r+1

ln(1 − �i ). (A.3)

The null hypothesis of the test,H0, is the rank of cointegrationr equalsr0
against the alternative hypothesis thatr0 < r ≤ k.

If r equals zero, which means that the systemMt is not cointegrated, we can
estimate the system and test for Granger-causality using the following equation:

�Mt = � + D1�Mt−1 + · · · + Dp−1�Mt−p+1 + εt . (A.4)
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Let � = vec(D), wherevec(·) is a column stacking operator andD is defined
in Eq. (A.1). The test for whetherwt is not Granger-caused byxt , is equivalent to
testingCw� = 0, whereCw is a (kwkx(p−1))x(k2(p−1)+k) matrix of restriction
on coefficients that imposesD12,i = 0 for all i = 1, . . . , p− 1, whereD12,i is the
component ofDi following the partition inEq. (2). Similarly, the test for whether
wt is not Granger-causingxt is equivalent to testing ifCx� = 0, whereCx is a
(kxkw(p − 1))x(k2(p − 1) + k) matrix of restriction on coefficients that imposes
D21,j = 0 for all i = 1, . . . , p − 1. If we further assume thatεt is distributed as
normal with zero mean and variance�ε̃ we can compute the maximum likelihood
estimator for�. The hypothesisCw� = 0 or Cx� = 0 can be tested by a Wald
statistics, which is distributed as�2(kwkx(p − 1)).5

If 0 < r < k, it means the systemMt is cointegrated and the rank(�) equals
r. In that case,� can be written asHC with H andC′ being of dimensionkxr and
of rankr. The matrixC is the matrix of cointegrating vectors andH is called the
loading matrix. Let�1, . . . , �k be the orthonormal eigenvectors corresponding to
�1, . . . ,�k. Define the following estimates:

Ĉ = [�1, . . . , �r ]C;
Ĥ = −�MGM′

−pĈ
′[ĈM−pGM′

−pĈ
′]−1 = −S01[ĈS11Ĉ

′]−1;
D̂ = [�M + Ĥ ĈM−p]�F ′[�F �F ′]−1;
�̂ε̃ = 1

T
[�M − D̂ �F + Ĥ ĈM−p][�M − D̂ �F + Ĥ ĈM−p]′. (A.5)

Following Lutkepohl (1991), the estimator for the matricesD, C andH will
have a normal distribution as follows:√

T vec([D̂,−Ĥ Ĉ] − [D,−�]) ∼ N(0, �co), (A.6)

where

�co =
([

Ikp−k 0
0 C′

]
#−1

[
Ikp−k 0

0 C

])
⊗ �ε̃, (A.7)

and

# = p lim
1

T

[
�F �F ′ �FM′−pC

′
CM−p �F CM−pM

′−pC
′
]
. (A.8)

Both �co and# can be consistently estimated by replacingC and�ε̃ with
the corresponding estimators. To simplify notation, let� = vec([D,−HC]), a
(k2p + k)x1 vector, and rewriteEq. (A.6)into:

√
T (�̂ − �) ∼ N(0, �co). (A.9)

5 Similar procedure can be applied to the caser = k, which means thatyt is a stationary process.
However, results in the next section show that all the component ofyt are non-stationary and rule out
this situation. Results from the cointegration test also reject the hypothesis thatr = k.
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